
Lecture 14:
Recall :

Def : Let X be an eigenvalue of a linear operator or matrix

with characteristic polynomial fit )
.

The algebraic multiplicity off
,

demoted Meh ) or nah ) is the multiplicity of 1 as a

Zen of fit )
,

i.e .
the largest positive integer Is s 't . ( t -AHHH .

( e . g . fit ) = ft -1pct - 414 Lt - 517

Alg . mutt . of 4=1 is 3

1=4 is 4

7=5 is 7 )



Example : . 1 is eigenvalue of Iv -

- V → V

with Mercy
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Prop : Let T be a linear operator on a finite -
dim vector

space V and let X be an eigenvalue of T with algebraic

multiplicity My I X ) .
Then :

I E dint Ex ) EMTLX )

We call IT ( a ) Eet dim C Ex ) the geometric multiplicity of A
.

Proof: Choose an ordered basis { 81,82 ,
.  is Top } for Ex and

hw
← p - dim l Ex )

extend it to an ordered basisp={I ,
,

. . ,
Top

,
ripe ,

,
.

.
,Jn3 for V

.

Then : use -

- fiieiiie. . . ) -

- f ! !
.

. . .
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⇒ felt ) =detfzn . p )
= det ( I- t ) Ip ) det(C-tIn#

= µ- t )
P

def ( C - t In -

p )

a

'

. G- t )PI ft Ctl

' MTH ) z p = 8TH )
( I



Lemma : Let T be a linear operator , and let Ai
,

Xz
, . .

,
Xk distinct

eigenvalues of T
.

For each 5=1,4 - -

,
k

,
let Ti E Exi

.

If Ji t Tat
. . .

 tuk = I
,

then Tri -

-

I for all i
.

Proof .
If not

, say

Ii
,  

. -

,
Is to

'ith÷÷÷.. . ..¥
.

.

.

It contradicts to our

previous proposition that

✓ Ti
,

. .

,
Ts must be

I in
. independent .



Ou - goal is to prove :

V

Then p
-

- p , u Pz u . . . u per is linear independent -

② If I p , I -11 pal t . .  .
t I pm = dim LV ) ,

the " B is a baseifgenuettors
.



Proposition : Let T be a linear operator ,
and let 1,12 ,

. .

, Xk

be distinct eigenvalues of T . For each i = 1,2 , .  .

,
k

,

let

S ; C Eai be a finite linearly independent subset
. Then :

S = S
,

u Szu .
.  . u Sk is a linearly independent

Subset of V
.

Proof : Write Si  = { Ii
, Fiz , . .

,
Tini } for i= 1,2 ,  -

.

,
k

.

Suppose 7- Aij EF for I Ej Shi and ⇐ is k such that

⇐÷÷E:i÷÷÷÷: we i. aiiiii :: "
.Then :

"

wit wet - - t Wk = 8



Then : ai j
 = O for all i and j

( for Si are
Lin .  independent for all i

.

i ' Siu Sau
.

.
. user is linearly independent .



Theorem : Let T be a linear operator on a finite dimensional

vector space V such that the characteristic polynomial splits .

Let Xi
,

72 ,
. . .

,
1k be distinct eigenvalues of  

T? Lt )

Then "

La ) T is diagonalize ble iff : Mahi ) = Vitti )

for i -4,2 ,  -
-

,
k

(b) If T is diagonal izable and pi is an ordered basis

for Ex ; for each i
,

then =p : =p , ups u
.  . up k is

an ordered basis for V consisting of eigenvectors .

( so that IT ]p is a diagonal matrix )

If : Next time ! !


